A. We give the algebra of quasimodular forms a collection of Rankin-Cohen operators. These operators extend those defined by Cohen on modular forms and, as for modular forms, the first of them provide a Lie structure on quasimodular forms. They also satisfy a "Leibniz rule" for the usual derivation. Rankin-Cohen operators are useful for proving arithmetic identities.
I
The purpose of this paper is to present a generalisation for quasimodular forms of the Rankin-Cohen brackets for modular forms: for each n ≥ 0, k, ℓ, s, t positive integers, we define bilinear differential operators [ , ] , and prove that these operators are unique (in a sense defined below). We have denoted M 
Here the Rankin-Cohen brackets are the canonical ones for f and g (those corresponding to their exact depth).
As usual, the complex upper half-plane is denoted by H . For k ≥ 0,
We introduce the following notations: let γ = a b c d ∈ SL(2, Z) and
. Finally, for n ≥ 0, f, g two holomorphic functions on H and a = (a r ) 1≤r≤n we define
The first section is a presentation of definitions and previous results concerning quasimodular forms and Rankin-Cohen brackets.
In the second section, we prove the following theorem:
we hence obtain a bilinear differential operator from M
Remark 1.
(1) This notation is consistent with the one for modular forms, Φ n;k,0;ℓ,0 ( f, g) is equal to the standard Rankin-Cohen bracket of f and
is necessarily (for weight compatibility reasons) a linear combination of ( f, g) → f (r) g (n−r) , r ∈ {0, . . . , n}. Such a differential operator sends in principle M
(see lemma 6). So the operator Φ introduced before has the advantage of reducing the depth of the quasimodular form obtained, and it was not obvious that such an operator exists.
In the third section, we show that the comportement of this operator under derivation is natural, as described in our second theorem:
w+2 . The following theorem may then be rewritten as
For modular forms, Zagier, Cohen and Manin showed [CMZ97] that the sum of Rankin-Cohen brackets defines an associative product on the algebra M = k≥0 M k . In a recent paper, Bieliavski, Tang and Yao [BTY05] showed that this sum is isomorphic to the standard Moyal product. Do the Rankin-Cohen brackets for quasimodular forms introduced here have such a geometric interpretation ? The result of theorem 2 suggests it.
The existence of Rankin-Cohen brackets, and the lowering of the depth (see remark 1) provides a new tool to obtain arithmetic identities. For example, we have [ 
The Fourier developments lead then to the following proposition.
Proposition 3. Let n ≥ 1 be an integer,
As usual,
is the usual Eisenstein series of weight h. 
for all a b c d ∈ Γ. We ask f s to be a modular form of weight k − 2s on Γ : it means that, for all M = α β γ δ ∈ SL(2, Z), the function
has a Fourier expansion of the form
It follows that if f is a quasimodular form of weight k and depth s, non identically vanishing, then k ≥ 0 and s ≤ k/2.
Remark 3.
(1) With this definition, the space M k (Γ) of modular forms of weight k for Γ is exactly the space M ≤0 k
(Γ). (2) A basic example of quasimodular form which is not a modular form
is E 2 , the so-called "Eisenstein series of weight 2", which satisfies for all γ ∈ SL(2, Z) the transformation property
(SL(2, Z)).
In the sequel, we will fix a congruence subgroup Γ, and write M 
Then, for all r ∈ Z ≥0 and γ ∈ Γ,
Proof. The result is obtained inductively on r: it is obvious for r = 0, and for the induction suppose that for r ≥ 0, formula (2) holds.
. Then using previous proposition
) and lemma 118 of [RM05] 1 we find (recall that f i is defined to be the identically zero function for i {0, . . . , s})
, and we obtain (denoting h i for
The lemma follows by expanding the binomial coefficients.
1.2. Usual Rankin-Cohen brackets for modular forms. The Rankin-Cohen brackets have been introduced by Cohen after a work of Rankin. These are bilinear differential operators, whose main property is to preserve modular forms. More precisely, for each
Then it satisfies the following proposition
For an overview of Rankin-Cohen brackets including a proof of this proposition, see for instance [Zag94] , [Zag92] or [RM05] .
Remark 4. The statement of the second point of the previous proposition needs explanations: the result of uniqueness is proved by using only algebraic arguments, the demonstration doesn't depend on the group Γ or on growth conditions. Of course, it is possible that for some fixed group Γ the uniqueness result doesn't hold (for instance if M k (Γ) = {0} !).
The Rankin-Cohen brackets are very useful for many arithmetical applications, and appear in various mathematical domains as for instance invariant theory ( [UU96] and [CMS01] ) or non-commutative geometry ( [CM04b] and [CM04a] ).
R-C 
In this section, we want to prove theorem 1 as stated in the introduction. We first establish a condition on a implying the result, in lemma 8 and then prove the existence of the Rankin-Cohen brackets (lemma 10). For s, t and n nonnegative integers, we introduce the set E(s, t, n) = (u, v, α, β) ∈ Z 
